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ABSTRACT

The binary quadratic Diophantine equation represented by the negative pellian y2 =23x* 11 is analyzed for its

non-zero distinct solutions. A few interesting relations among the solutions are given. Further, employing the
solutions of the above hyperbola, we have obtained solutions of other choices of hyperbolas, parabolas and
Pythagorean triangle.
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I.  INTRODUCTION

2 2
The binary quadratic equations of the form y"=Dx"+1 where D is non-square positive integer has been
selected by various mathematicians for its non-trivial integer solutions when D takes different integral values [1-4].
For an extensive review of various problems, one may refer [5-10]. In this communication, yet another interesting

2 _ 2
equation given by y® =23x"-11 is considered and infinitely many integer solutions are obtained. A few
interesting properties among the solutions are presented.

Il.  METHOD OF ANALYSIS

The negative Pell equation representing hyperbola under consideration is,

y? =23x* -11 )
The smallest negative integer solutions of (1) are,
Xg=2 Yg=9
The peilian equation is
y? =23x*+1 )
The initial solution of pellian equation is
Y0 =5, yo =24
The general solution (X"’ y") of (2) is given by,
% -1 9, § —1f
RPN R

Where,
f,=(a+5423) " ~(2a-5/23)"
g = (24+5v23] " +[2a-5v23] " n=0,12,.....
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Applying Brahmagupta lemma between (XO’ yO) and (X"’ y") the other integer solution of (1) are given by,
9
X1 = fn+2\/2_39n

Y, —gf +ﬁg
n+l 2 n \/2_3 n

The recurrence relation satisfied by the solution * and ¥ are given by,
X3 —48X,,, +X,,, =0

Yniz — 48yn+2 T Yu = 0 n=0,1,2,3.....

Some numerical examples of * and ¥ satisfying (1) are given in the Table 1 below,

n+2

Table 1: Examples

n X, Yo

0 2 9

1 93 446

2 4462 21399

3 214083 1026706

From the above table, we observe some interesting relations among the solutions which are presented below.
*n values are even and odd alternatively.

¥n values are odd and even alternatively.

Each of the following expression is a nasty number:

5_65 [110 + 892x,,,, —18%,,.. ]

% [880 + 7133x,,, — 3%,,..]

4_64 [88+ 713%,,., —3Y,..]

%}31 [25322 + 205252x,,., ~18Y,... ]
1_11[132 +23%,,.0 —223Y 1.4

F?(il [25322 4 92x,, ., — 42798y, ]

6
To65 2530+ 92,5 —4278Y,,, ]
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1
% [2640 + 2y2n+4 - 4462y2n+3]

% [110 + 42798x,,,, —892X,,., ]

% [22 +4278X,,,, —892 Y2n+3]

1—11 [132+ 223y, , —51313x,, ]

6
o[B8+ 713, ~ 7133y,

1% [22 + 205252x,,,,, — 42798y,,.,]

5 253044278y, , — 205252y, ]

1265
Each of the following expressions is a cubical integer.

o [B92x,,., ~18%,,. + 2676y, ~54x,]

L [7138X.0 — B + 21399, —9%,.,]

440

1 [205252x,, ., —18y,, . + 615756, — 54y, ]

12661
7130, -3y, +2139%,, -9y,

(2855~ 228Y41.4 + 69, , ~ 669y,

1 [92x,,., —42798y,,., + 276X,,, —128394y, ]

12661

1
% [92 Yania — 4278y3n+3 + 276yn+2 _12834yn+1]

1

660

% [42798x,,,, —892X,,.; +128394x, ., — 2676X, ;]

[y3n+5 - 2231y3n+4 + 3yn+3 - 6693yn+1]

1—11[4278x3n+4 —892y, , +12834x, ., — 2676y, ,|

6—16 [223y,, .. —51313x,,., + 669y, ., —153939x ]
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i [713x,,,; — 7133y,,,, + 2139x_ ., — 21399y, , ]

1—11[205252x3n+5 — 42798y, ., +615756x,, —128394y, .|

% [4278y, .. — 205252y, ., +12834y, , — 615756y, , ]

Each of the following expressions is a biquadratic integer.
1
= [892x,,,, —18X,,; + 3568X,,,, — 72X, +330]

Tio [7133%,,.4 — 3%y, + 28532y, —12X,,., + 2640]

i [713%41,4 = 3Yanss +2852%y,, =125 + 264]
1 [205252x,, ., ~18y,. .. +821008%,. , — 72y, .
12661| + 75966

6_];3 [23%40,6 = 223y 45,5 + 92,4 —892Y,,,; +396]

12261 [92X4n+6 - 42798y4n+5 + 368X2n+4 _171192y2n+3 + 75966]

1
1265 [92y, .. — 4278y, ., +36Y,, ., —17112y, , +7590]

1
660

% [42798x,,,, —892X,,, +171198X,, , — 3568X,,,,, + 330]

[y4n+6 - 2231y4n+5 + 4y2n+4 _8924y2n+3 + 2640]

1—11[12426y4n+5 —1242X,,,, 5 + 49704y, . 3 —4968X,,,, , +936]

6—16 [223y,,., —51313X,,; +892y,,,, — 205252X,,,, +396]

i [713x,,.,, — 7133y,,,s + 2852X,,,, — 28532y, ., + 264]

1
1265
1 {205252x4n+6 — 42798y, +821008X,,,, —171192y2n+4}
11

4278y, — 205252y, ., +17112y,,, —821008y |

+66
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Each of the following expression is a quintic integer:

1 | 892X, —18X.,,, +4460X,,,; —90X,, -
%L 8920x_, —180y, , }
1 | 7133X,, s —3X;,,; —356655X,,,, —15X%,, .«
EOL 71330x_, —30X._, }
1| 713X5,,5 =3Ysn.6 +3565X;,.5 —15Y5,.4
HL 7130x,, —30y, ., }
1 |205252x.,.. —18y., ., +1026260X,,., — 90y, .- +
12661 LOSZSZOXM ~180y. ., }

1 |:23X5n+7 - 223y5n+6 +:I-:|-5X3n+5 _1115y3n+4:|

66| +230x,., — 2230y, ,

1 [92x,,., —42798y, . +460x,, .. — 213990y, ,
EelL 920X, — 427980y, , }
1 {92y5n+6 — 4278y, . +460y, ., —21390y3n+3}

1265| +920y,,, —42780y, ,

i|:)’5n+7 - 2231y5n+6 + 5y3n+5 _11155)’3n+4:|
660/ + 20y, , — 22310y, ,

1 [42798x,,., —892X,,,, +213990X,,, — 4460x,, .

%L 427980x,,, —8920X, ., }

1| 42798X,,,s —892X., ., +21390X,,,, —4460y,, .,

EL 42780x, ., —8920y. , }

1| 223y.,., —51313X%;,,., +1115y, .. —256565X%,,.,

&L 2230y, ., —513130x,., }

1 | 713X, — 7133y, ., +3565X%,,,. —35665Y,,,,

HL 7130x_, — 71330y, , }

1 [205252x, ., — 42798y, ., +1026260x,, . — 213990y,
EL 2052520x,, — 427980y, }

1265

+42780y, , — 2052520y,

1 {4278y5n+7 — 205252y, +21390y,, —1026260y3n+4}
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Relations among the solutions are given below:

Xni2 =9Ynu + 24X,

X3 =240y, +1151x, ,
Yoiz = 24,4 +115X,

Y..; =1151y, ., +5520x_ ,
Xns = 480 — X

Yniz = 24X, — Xoy

9Y,.; =1151x,, — 24X,
10y, = X3 = X

240y, ., =1151X,,; — X1
24y, ., =1151y, ., +115xX .,
24X,,; =9Y,,; +1151x,,
24Y,,, = Yo 115X,
24y, =24y, ., +5520x ,
1151y,,, =24y, ,, +115X .,
1151y,,, = Y,., +5520X,,,
115y,,, =5520y,,, —115y, .,
SYni2 = Xni3 — 24X,

Yz = 24X, — X

Ynis = 24Y,., +115X, ,
24Y,.5 = Yn,p +115X5

Remarkable Observation
Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of

hyperbolas which are presented in table 2 below

Table 2: Hyperbola

S.NO Hyperbola (X)Y)

1 Y?-23X?* =484 4y . —18x .,
92Xn+1 - 18yn+1J

2 Y?-23X?*=12100 4x,., —186x,,,,
892X, ., — 18xn+2]

3 Y ? —23X? =6969600 2X,,,5 — 4462X,,,
21399x, , — 9xn+3)
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4 Y?-23X?* =69696 2Y,., — 446X, .,
2139Xn+1 - 9yn+2J
5 Y2 -23X? =641203684 4y ., —42798x_,,
205252x,,., —18yn+J
6 Y? —23X? =69696 93Y,., —9X,.5,
46x, ., —446 yMj
7 Y2 -23X? =641203684 8924y . —18X, .,
92X,,3 — 42798yn+1j
8 Y? —23X? =3686918400 12y,., —518y,.,,
2484y, —46 yn+2]
9 Y2 —23X? =5149497600 21399y, ., —9Y, .5,
46y, ., —102626 yn+1]
10 Y2 -23X?=12100 186x,,,, —8924xX, ,,
42798x,,,, — 892xn+3j
1 Y2 -23X? =484 18y,., —892X__,,
4278x,,, —892 yMJ
12 Y2 —-23X? =69696 21399x_., — 93y, .,
(446 Yis — 102626xn+2j
13 Y2 -23X? =69696 4462y, , — 446X .,
2139x, ., — 21399 ymzj
14 Y? —23X7 =484 8924y, ., —42798X .,
205252, — 42798ymj
15 Y2 —-23X? =6400900 42798y, ., —892y, .,
4278y, ., — 205252 yMJ

Employing linear combination among the solutions of (1), one may generate integer solutions for other choices of
parabolas which are presented in table 3 below
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Table 3: Parabola

S.NO | Parabola (X)Y)
1 11Y —23X* =484 4y . —18x .,
92X, —18Y,,., + 22}
2 55Y —23X ? =12100 4x_ ., —186x .,
892X,,,, —18X,, 5 + 110}
3 1320Y — 23X * = 6969600 2X,,5 — 4462X, 4,
21399X,,,, —9%,,,, + 2640}
4 132Y —23X* =69696 2y,., — 446X, ,,
2139%,,,5 = Yon.s + 264}
5 12661Y —23X * = 641203684 4y . —42798X_ .,
205252X,,,,, —18Y,,., + 25322}

6 132Y — 23X ? = 69696 93y,., —9X,.,.
46X,,,, — 446y, , + 264

7 12661Y — 23X 2 = 641203684 8924y, , —18X,.,
92X,,,, — 42798y, , + 25322

8 1265Y —23X 2 =3686918400 12y,., —518y,.,,
2484y, ., —46y,, .+ 2530

9 30360Y —23X ? =5149497600 21399y, —9Y,.5,
46y, ., —102626Y,. , +60720

10 55Y —23X 2 =12100 186X, —8924x._,,
42798X,,,, —892X,, ., +110

1 11Y —23X > =484 18y,., —892x__,,
4278X,,,; —892Y,,,, +22

12 132Y — 23X ? =69696 21399x. ., — 93y, .,
446y, ., —102626x,, ., + 264

-
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13 132Y —23X* = 69696 4462y, ., — 446X,
2139x,,,, — 21399y, ., + 264
14 11Y —23X? =484 8924y, ., —42798x, .,
205252x,,,, — 42798y, ., + 22
15 1265Y —23X 2 = 6400900 42798y, ., —892y, .,
4278y, ., — 205252y, . + 2530

Some special cases among the solutions are given below:

POty .. f = 207P(t,, f +11lt,, f it/

9Pe(t,, f = 23P(t, ., f +11lt,, Flt, .. f

Pylo(ts,ZX—Z )2 = 23(6 Px4—1 )2 (t3,y )2 + 11(t3y )2 (t3,2x—2 )2

36 Py8—1 (tS,x )2 = 23 leo <t3,2y—2 )2 + 11(t3x )2 <t3,2y—2 )2

9 Py6 (t3,2x—2 )2 = 23(36 sz—l XtS,yA )2 + 11(t3,2x—2 )2 (1:3,y+1)2
6Py—1 t3,><+1 = 23(3P, t3,2y—2 +11 t3,><+1 t3,2y—2
(6P (toses f = 233P2 F (tony 2 f +100t0 0 Pty f

2
In this paper, we have presented infinitely many integer solutions for the positive Pell Equations y

CONCLUSION
=23x*-11

As the binary quadratic Diophantine equations are rich in variety, one may search for the other choices of Pell
Equations and determine their integer solutions along with suitable properties
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